FACILITY FORM 602

NASA TT F-83L0

Code - 2d

PERIODIC SOLUTIONS OF LINEAR SYSTEMS WITH A LAG

by A, Halanay

g Nv1-71 pBS(THRU)

(ACCESSION NUMBER)

(PAGES) (CODE)
P

__%__—————— R
CATEGORY)
(NASA“CR OR TMX OR AD NUMBER) (

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION
WASHINGTON February 1963



»ﬁff/’,/xw? 2/ 5

[From: Revue de Math. Pures et Appl. (Rumania)
Vol. 6, No. 1, 1961, pp 141-158]

PERIODIC SOLUTIONS OF LINEAR SYSTEMS WITH A LAG
by A. Halanay

The necessary and adequate conditions for the existence of periodic
solutions to linear inhomogeneous systems with a lag are established in
this work. 1In view of the fact that the particular case of differential
equation systems with a lagging argument is a matter of special interest,
we will begin by outlining such a case.

l. Under consideration is the system

E) =AWz + BO( )+ 100, (1)

where A, B, f, are continuous and periodic functions of a w>7 period.

We will also conSider the homogeneous system

M) =A@ () + B(t)z(t — =) (2)
and the corresponding conjugate system
Yy = —yM4@ —ylt+ 9Bl + =) (3)

We will prove by direct calculation that if the system (1) has peri-
odic solutions of the (& period, then.S~y(U/(Qd¢==o for all periodic so-
0
lutions of y(t), period W, system (3).
Let x(t) be the solution of system (1), determined with t 2-%, and

y(t) the soclution of system (3), determined with t<L o + ™

With 0 € t € £, we shall designate

(v, 2) =y()z() + S:y(lﬁ‘-‘q)B(t +n)z(t+n—T)dn=y () x(t)+

i+t
+& Y(E) B(E)z (E — )dE.

d
We have == (y,x) = y(t)£(t); hence, if x(t) and y(t) are periodic func-
tions of the {2 period, we will get

(vwrma = R“—;’t (4 7) A8 = () @) — (yy ) = 0
+0

W0



and our assertion has been proved.

2. Let Y(a, t) be a matrix whose lines, being a function of w,
satisfy system (3) with @« < t and conditions ¥(t, t) = E, Y(o, t) = 0
when t < @ § t + 7~ where E is a unit matrix. Let x(t) be the solution

of system (1), determined with t>6¢ —% , We have

S‘Y(a, t)r(a)dax =S‘ Y o, t)A-(z).r(a)dz +S Y(a,t) B(a)z(x— t)da +

+S( Y (2,0 f(a)da.

Further,

Y t)xz(t) — Y(o,t) x(a) — SI {—; Y (« t)J T(a)da =
ol da

t
=S Y(x, ) A («)r(x)da +
o

=

T E 086 4 92188 +( T f@aa.

Hence we get :
z(t) = Y (a,t)x(0) —-V Y(« +7,t) B(a + 7)x(a)dx +

ol=7

+S° Y (a+ T,l)B(a-’;—T).l‘(a)da—}-K‘Y(z, t)f(a)da.

o-T 0

But when ¢ — t< q.¢We have {< a +7<t+ 7, consequently Y(x+ 7, ) =0

Finally
x(t) = Y(o,t)x(c) + V Y (« +7,8) B(a +7)a(a)dx +

«O-T

N
= oo
R

+{ Y0/

With f = 0, this formula produces a general solution of system (2).
Let us examine matrix X(t, & ) whose columns are solutions of system (2),

which are equal to zero when ¢ —~*<t<ae , and such that X(§ ¢ ) = E. It
e — b

follows from formula (4) that X(t, 6 ) = Y( &, t).

We will now establish a corresponding formula for system (3). Let
y(t) -- the solution of system (3), defined with t<Lo+ 7, X(a,t) y == be

the above-constructed matrix (a>t— %)

2



We have

(y@x@na=-{vmamxena —S°y<s + %) B(s 4+ <) X (s, t)ds.
‘ -

ol o o

Hence

9 f
y(8) -— X(8,t)ds =
0 c8

Y(6) X (0, 8) — y(§) X (8, 1) '—S

_ _Vy(a)A(s)X(s, 1) ds —S“
o'k t+

"y (8) B(B) X (8 — -, 1)dp.

Further,

t

YO =9(0) X (o, ) — 'y () A (0) X (s, t)ds — 701 B X v =, )0 +

+S'y(e)A(e)X(s, t)ds +§' y(s) B(x) X (8 — =, t)ds +
(] Jit T

c,W_l/(:;)B(M)X(& — T, ) ds.
f

A re
T S YO B0 I(s = as +

\ .
Since with t<8< t+4+* we have t—]-r\<s-—‘r<t, then X (s —1,8)=0 ,

and consequently,

+

YO =9 X (0,0 + (" y(o) B) X (s =, a5

or —=

v =v@ Tt o) + (" y@Bw Y85 an (5)

.0

3. Let x(t, ) be the solution of system (1), defined with t >3 -T
which at [—-—-T’, 0] coincides with the preset continuous function q'. It
follows from the fact that A, B, f are periodic functions of the & peri-
od, that r(t+ w, ¢) 1is also a solution of the system determined with
t+®> —r7, and, consequently, with t2> — ©—7, If, whenrgt<0 that
ness theorem. Therefore, the condition required to make the solution peri-
odic looks like the following @(w <8, 9) = ¢(s) with‘fé[—f{(}l . Let V be the
operator defined by the formula [g'—:(t; +4;9);9 is the initial function
for a periodic solution only when ‘,V‘?’:j? « Let z(t; (Q) be the selution

of system (2) which at [— T, 0] coincides with ‘P. It follows from formula



(4) that

¢

ity %) =2(t; ) +S Y (, 8)f(x) da.

If U is the operator defined by formula 7U<P =z(w+; 9 s then

|
Vo = Ug rg Y(x o+ 9)f(2)da.

The condition Vg = e appears as

! Wt
o= Uep —%—S Y(x, 0 8)f(x)da

or as

I —-—U)g :\u .Y(a, w -+ 8)f(x)dx,

where I is an identical operator.
It can easily be verified that if ® >7, then the operator U is fully
continuous, if the space of functions ¢ is a Banach [Russian term: banak-

hovoye] space of continuous vector-functions preset at [—T°, 0] with the

norm uqn]ﬁ_f2?<ol9(n!. . Actually, this is what we get from (4)

Up =Y (0, w + %) o(0) + g Y(a + 7,0+ 8) B(a +7)g(x)da (6)

~t

and it is appa?éﬁ%”ihé£vi¥ﬁ¢ufznr/,4£ﬁéﬁlyagg<;p(10 , and it follows from

Z(w+38;59) f‘ A(8)2(w +8; 9) + B(s)z(w +8 —7; @) that the derivatives of the
functions U@ are uniformly limited; consequently, if {9} is a limited
set, {U9} is a compact set; in this case, essential use was made of the
fact that © >T.

Thus system (1) has a periodic solution, with all f, only if I — U
has an inverse operator; as U is a fully continuous operator I, U has an
inverse operator only if the equation Up=¢ has a null solution. But
the solutions of this equation are the initial functions for the periodic
solutions of system (2); consequently, system (1) has a periodic solution

of period 3 , with all f, only if system (2) has no other periodic solution



of period @ , except a trivial solution. If system (2) has a periodic
solution of period &, then U¢ =¢ can have no null solutions. It fol=-
lows from the general theory of fully continuous operators that this
equation has only a finite number of independent periodic solutions of
period W,

A similar reasoning may be applied also to system (3). Let y(t; V>
be the solution of system (3), defined with t L @ + %, which coincides
with 43at hﬁ,thf]’ Together withg&{le’[y({—-gj}) is also a solutions
If y(t —w;¢) coincides with ‘}1 at [@ @ +7], then y (i — «; Q)Ey(t;'{/) . Con-
sequently, ?iwill be the initial function for the periodip solution of
system (3) only if y(t — @;¢)=¢(t), with #€[w, @ + 7], According to formula
(5), this condition looks like the following

{

YO = p@ Y= @)+ WEOBETE - o E—0dE (7

We will designate (o) =90+ w+7), — <80 » Then, if Lf'Jj.s the so-

lution of equation (7), ® is the solution of the following equation

(@) =9%(—7)Y(»+1, w)+ Sw

?(E—w—"7)B(E)Y(s+ 1, §E — 7)dE

or

FO=F(—) ¥ +7 +§" FMBM+ 1Y@ +7, 0+ o)dn -

4, We will show that if the equation ¢ —Ue=0 , where U is given
with formula (6), and equation (8) have the same number of linearly inde-

pendent solutions, and that the equation ¢ — Up =F (s) has a solution only

if
0

5(~ 1) F(0) + S 5 () B(n+ ) F(n)dn =0

-T

applies to all solutions F(s) of equation (8).

Let us examine the following equation

9(8) — Ky(s, — )9 (0) — Q Ky (s, m) B(n +7) g(n)dn =%(s). (9



If | K,|is small enough, this equation will have the following so-

lution o(s) = Y, 9, (8), Where ?,(8) is recurrently defined as
A izo

: ?.(‘) =X (8), 94(8) = K, (8 —7) Pi-1 (0) +Sv Kl(gy n) B(n + 7) Pi-1 (n)dn .

e get
9,(8) = K,(#, — 7) X(0) +S° E,(8, 1) B(n + %) « (n) dn,

=

where

aou

K,(s, n) = K,(s, — 7) K, (0, ) +S° K, (s %) B({ + ) Ki-a (3, ”A)dc .

By designating I'(s, ) =Y, K,(s, y) » the solution of equation (9) will
1

look like the following

9(8) = x(8) + T (8, — 7)x (0) +S (8, m) B(n + 7)7(n) dn. (10)
We will now examine equation
0 ~
&(8)—'5(“‘7)}"1(%‘)_& $(W)B(W+T)K1(m8)dn=l(8)- (ll)

If |K,| is small enough, this equation will have the following solu-

tion P (8) = 215‘ (8)y where

Fo(8) = X(8), (M =Fu-1 (— ) K,(0, &) + So 9i-1(n) B(n + 1) Ky (n,8)én.

-

We get

3.8 =T (= ) K, (0, o) +S° T () B(n + ) K, (n, #)dn,

where

= s 0
K,(n,8) =K., (n, —7)K,(0,8) + S Ki_i(%, ) B(L+ ) K,(T, s)al.

It Tkn;ﬂ'=§:7ﬁ(n,n , the solution of equation (11) will look like the
l~1

followiﬁg

P(8) =7(8) + L(— )T (0, 8) + S Z(n) B(, + 1) T(n, 8)dn. (12)

=1

It is easy to show by the induction method that K,(v, 8) = K,(v, 8 » @nd

i



consequently F(v), )— F("); s) , and (12) appears as follows

‘P(‘)=7(8)+X(—7)I‘ :)-}-g(7 T(n)B(y + ) '(n, 8) dn. (13)
It follows from the fact that Y (y 4 r, w +8) 1s continuous, when
,/.,<,1<0 -7<8<0, that
Y(nrmot0)=Xa@®)b(n)+ Kk ), (14)

where ak(s) are column vectors, bk(r[) line vectors, ay and b, are linear-

k

ly independent and | A, may be as small as possible.

e

The equation ¢ — L¢-—}(“'w1ll then look like this

0

?(8) — K (8, — 7) (0) — \ &

J-1

i} Eae(ﬂ)b {— =) v(u) F Z‘So

1 (% 1) B(q T)(P(Q) dy =

—

a.(8)b (ﬂ)13(n L.t)@ (n)dy, + F(g).
We will designate

?(8) —

=T

(8, — 7) ?_(0) = g K(s, T))B(‘r) + 1) p(nidy = A(s).

Then, if formula (10) is used

X(8) =Y a,(s)b,(— 7) [X(oy — I'(0, — =) 7.(0) +
k

0 dl
+S I’(O,n)B(ﬁn*r)X(v))dszfL “‘:g_"h(” be(n) B( o*—*)[ (m) +

dn+ F(g).

F T — 0O + | Clny DBIE = X0

~7T
T

We will designate

By(n) = by(n) + by (— 7) 10, 7) + g b () B(L+)T(L, n)df.
Then the equation will appear like this

(o)=L a, ()b, (—7)%(0)+ X a, mg by(m) B+ )X (q)dn-+ F (8).
& k -~ ) - o

Hence, x(a)—-FWs)::Z)uaﬁs) « For >sk we get the following
* =
system

A= E Y R fr.

-~

=
U
L

~J



where

~0
Yoy = b (— 7)a;(0) + S be(m) B(n + =) a;(n)dn,

fo =Bl — ) F (0) + S B, (1) B (1 + %) F(n)dn.

i

System (15) has a solution only if

L (16)
applies to all the solutions of the following system
B DTt (17)

Condition (16) is necessary and adequate to the solution of
o= Usp="F().
Taking (14) into account, the equation (8) will look like this

-~ -~ - L -~
?(8) — (=) K, (0, % ——g e B(n+ =)K, (%, 8)dy =

«=T

N 0
;? g ~)a,(0)b‘(s) ZS 5(7))3(7}"“7)‘1:(7))%(3)‘17)-

S __k J-t

If we were to designate

~ -~ = "0 - ot
?(8) — 9(— 1)K, (0, 5) ~5 () B(n=+ <) K, (v, 8)dy = X(s)

and use (13%3), the result would be

7(s) = [‘7.(— O+ 7(—1) 0, — )+

aats 5

0o N
+S x(n)lf(n+f)l"(v,,—t)'l'r)]Eak(O)fu(x Eg{ (n) +

0 _
+ A(—7) I'(0, 9) + S () B(L+7)T(, n)d§] B (nA=)a(n)by(s) dn.

Let .
a,(n) = F(n, -)a.w)+am> S r(,,, C)B (L4va(Y)d

Then

1(s) = ‘Z(--)Va.(U)b () + \"S X(1) B(n 4 7)a,() by(s)dy.



The solution of this equatlon will beX(s) _-g pe be (8) , where

0

Ky = :?lf*n :fkl =bn(“7)7‘k(0)+s b,(n) B(q + )“k( ) d.
] =X

It can be verified by direct calculation that s = Y ;3 conse-

quently, system (18) coincides with (17). Condition (16) appears as

follows

k J<

B 0
E‘ b (— =) F(0) + Sg Ty.‘.b,(v)) B(n+7)F(q) dn = 0.

After some simple calculations, bearing in mind that

X b (e) —1(8),

we get
tf(— )+ (= IO =) +S°_'i< OBE+ 1) I(, —r)dc]mow
+S° [’i<n>+ (=) 00, m+
+Sﬂ ) (T, n)d JBM-H)FM) =0,
that is -

ro
= DFO) T\ F(NB+)F @) dy=0.

d @

w L

(18)

e v =S Y(a. @ +8)f(a)da ang 3(8) = ¥(e+ 7+ @) We then

0
get the following succession
° “w
=P+ 3B 9F dn = o)\ ¥(x o)f(@)ds +

-t

+Sv y(n+ 7+ w) B(n+7) [Kmnl’(a, W ’r,)f(m)da]dv; =

=y(w) g" Y(a, w)f(a)dx +
+V—T[S Y(n+ T+ @) B(n+1)Y (2 0+ 'ﬁ)d'ﬁ]/(d)d¢+

S [S $(n+ 7+ @) By + r)Y(a,m+n)dn]ﬂa)da=

a—-w

0

+, (Lo

- ) 5" ¥ (ay ) f{ajda
0
N
=S [v(w) b ‘°)+S
y

w) Bin £ T oy 0 n)dn]/(a)da=

(8 B(E) Y(x, E~r)diJ/(a)da -

w

;S“ ()1 () da,



where y(@) is the solution of system (3) defined by the initial func-

~

tion W. Since ‘¢Q-f1+-m)::$(n and ?.is the solution of equation (8),

)

y(@) is the periodic solution of system (3). This produces
THEOREM 1. The necessary and adequate condition required in order

that system (1) may have a periodic solution of period w is the ful-

fillment of equality S Y,(a)f(x)dx =0, for all linearly independent peri-

0

odic solutions of period & for system (3).
[System (%) has the same number of linearly-independent periodic solu-
tions of period W as system (2)].

6. Let us examine a general system with a lag

x (1) —_—g" (b 8)d,n(t,8) + f(1), (19)

-

where
a) WM (t, s) is defined with t Z 0 as —oco< ¥< + 00, 7(t,8) =0 Wwith
s 2 0;

b) there exist functions YTij(t) and Vij(t), which are limited when
0
t 20, and such that Tyt &) = wyt, —74(1)) =0 when s L —1;(1), V mr,y(z, 8) KV (B
AN B
where, as usual, % j means a complete change of function f by [&, B];
Sre

c) 7:ij(t’ s) are continuous with respect to t, and uniform in re-

G-

lation to s;

d) q (t, s), f(t), ?fij(t)’ Vij(t) are periodic by t, period &J.

Eventually, the number indicated by T will be such that T2T,(0)
then n (4, 8)=0 with /8L —. Let Y(&,t) be a matrix satisfying the

system

Y 0 0
&, + s - )
o S "'37‘71 T y) { iem Y ‘)dY =

const
and conditions Y(a,t)=0 , with 2>} Y(¢, )=E , Then Y(a—1y, ) =0 with

Y<a-—t, and we get
°
Y(a,t)+S n(a-y,y)Y(z-y,t}d~(=const

e- L

10



or
Y (a, n+S (B, 2~ B) Y (8, 1)d8 = E.

‘
«
It is independently verified that the solutiod of this equation, con-

structed by successive approximations, is continuous by (&, t) with a

limited change by ¥

Let x(t) be the solution of system (19). Then

=C [So (a4 8)d, n(x, 8)| Y (a, t)da +

+\ f(2) Y (xt)du.

a —

Hence
BT (1) —2(0) Yo, 0) — | rla)da¥(z,0) =
]

——S [S r(8)d, n(a, '; 1)])’(5:,!)(11 f‘S f(x) Y(a,t)da =

- « T

+K .r(x)d'S nia, 8 — )Y (a, t)da—i—g‘f(a) Y(a,t)da.
Jo o 0 N

L] e 0

Taking into consideration the conditions for ¥ (t,s) and ¥Y(&, t),

we get o o+t
:r(x)d.g n(xy, 8 —a) V(x, t)da +

J=T v?

z(t) = x(a) Y (o, t) —&»S
+S’/(a)Y(a, t) do. (20)

If X(t, ¢ ) is a matrix whose lines, given t > & , satisfy system

(18) with f = 0 and conditions X (o, 0) = FE, X(t, 0) =0  given t < & ,

then it follows from (20) that X (i, o) =Y (g, ).

We will therefore examine the conjugate system

0
¥ () +§ (% = v, Y)¥(x — y)dy = const.

As n(t, 8) =0 , when s ;; O and 8< — 1 , the system (21) looks as follows

ra+t

¥ () +5 (B, « — B)y(B)dB = const,

L

(21)

\
)



consequently, for a fixed &

y (a) +S 2(By x — B)y(B)dB = y(a) +S""n<a,a— 8)y(p)dp —

_S., 28, « — B)y (B)dB.

It may be seen from this that if the solu;:i;n of y(t) is sought on
the [o, 6+7], intercept, it is defined, given t &£ &, by a system of
integral equations of the Volterra type; this makes it possible also to
formulate a theorem of the existence of uniqueness for this system. The
solution to the initial function with a limited change by [e,0+ 7] is
found in the class of functions with a limited change; if the initial
function is continuous, the solution is also continuouse.

Let t<¢, X («,y) be a matrix whose lines satisfy both the functions
of system (19) with f = 0 and conditions X(a,y) =0 with «a<Yr X(y,v)= ¥ .

Wie have to solve y(®) of system (21).

-]

&’ X (a, t)dy(a) = X(a, )y (o) — X(t, )y (t) — S

[—'a— X (a, t)]y{(a) da.
ca

4

Hence

v =X(@ 990+ | Xiw e || e - v myta—mar |-

i e

_go [So X(a + 8t)d, n(a, 8)}3/(1) da.

After changing the order of integration in the last integral, we get

YO =X(0, 0y +{ (&4 1 8-y @ (22)

Jo-t Jo
7. (21) shows that if y(&) is the solution of the equation, then
y(o¢ —w) will also be a solution, as N (t, s) is periodic by t, period
. Let y(o, t}/) be a solution defined at 2<o with a definition of
function k#by [0y 6+ 7] ; such a solution is provided by formula (22).
Function y(a— e, ¢) will also be a solution, and this solution is defined
when a— w<¢ , that is when a<w+4+o¢ . If, when 5<aLo+ 7, this so-

lution coincides with ¥, then it will coincide with y(e, lr) when o < & 2

12



and consequently the solution y(eo, \f‘l) will be periodic of period {0 .
The periodicity condition of the y(e, % solution is therefore expressed

as y(a— w, ¢)=¢£“); when _c<a<c+" . lWe have
- o y(a— @, 9)= X (0, a— w)¢(o) +

g+

+( xa-wa | s - nimer

¢« O— a

We should point out also that X( 0", t) = ¥Y(t, & ). Then the initial
functions of the periodic solution of system (21) will be the solutions

of the following equation

$(a) = ¥(a— , o) §(a) + {:_'Y(a — o, 8)d (" n(r, B— 1) b(v)ér.

« 0

Let 6= o, 9(8) = y(s +70+T) ; we get

S@=T(+r, 05—+ | Yo+s, B+w)das';f.('r+?, p-r=nBe.  (23)

=%
The same reasoning and the use of formula (2) show that the initial

functions of the periodic solutions of system (19) are the solutions of

the following equation

2(8)ds S nlatt, B—a—n)Y (x+7, 0+6)da=,

-t

o(8)—9(0) X (0, wt#)— S

-9

et (24)
—g () Y («, ® + 8)da.
Jo
8., Let us examine the following equation
[} [ _ )
'9(')"9(0)K1("71‘)—S ?(B)dﬂﬂ 71(“'*‘175—“_f)hl(“v‘)d“=l(3)- (55)
=8 St 25)

If |X;| is small enough, the solution of this equation will appear

as $10) = T o () » where 7ale) = x(o)

u(8)=¢,_, (0)K, (— 1,s)+S

[']
m(ﬁ)dag ala+ 7% B —a —1) K, (a 4)da,

Further, we have

] 0
2:1(8) = X0 K, (— T, 8) +S %(8)ds S

et pf—a—1)K|(a, 8)da,

where Ki(“: 8) =K, 1 (a, 0)K,(—r~,8) +

° L]
. Eovw e a@enr— e amg nae

15



If I(a,8) = K(a,8) , we get the following solution for equation
1

(25)

no
N
s

?0=x@+20 (=% 0+ ( x® @ alatn 8T e (2

We will now examine this equation

$(~>~Kx<a,o>$<—r)—5“

K, (s, :S)rlagw WY+ 53— y—1)g(y)dy= X (a). (27)

If |K,| is small enough, the solution of the equation will appear as fol-

lows F(o) =L %) where Fol) = 3(8),s

ro 0

38 =K, (x0) a.-,,(—-.>+\

=1

K)("y ﬁ)dﬂg

H(y+ T B—y—1) P (V)dy

Further, we have
~ =3 0 = 0 -
% (8) =K, (8, 0)% (- t)-{—g K (s, B)dag n(y +1, B—y—1)X (y)dy,
where
Ki(s, 8) = K (8, WKy (— =, B) +

+y K, (s, 1)4-8 n(y+1 a—y—1) K1 (y, 8)dy.

The induction method is used to prove that K,(s, B) = Ki(&, B) . The

solution of equation (27) thus appears as follows

3 (8)=%®) +T (x, om—wv I (x, 8) d § 2y +7, B—y—7) X(y)dy. (28)

9. As Y(a+7,w+#) 1is equi-continuous when —T<a <0, T<e L0, it is

possible to write down

Y(x+7, o+ 8) = Ya,(x)b,(#) + K,(a, 8) (29)
3

b, linearly in-

where ak(a) are vector columns, bk(s) vector lines, a,, by

dependent and ’Kll may be as small as possible. Taking (29) into con-

sideration, the equation (24) will look like

14



e ex 0 0 o
) = 9(0) K, -;”)-g-??(ﬁ)das M2t5 B —a—1) K, (a, 9) da =

=e(0) ;a,(— )b, (8) 4

+3] s @al

v(a+1,8 - 4
where 2 P-a—m 8, () by (8) da + F(s),

I"(n):( f(2) Y(a, w + 8 da.

Let
Nn—?ﬂan»fu%-S ¢m>@\ n(a+7, B—a—71)K,(a, 8)da=y (a).

T

Taking (26) into consideration, we get the following equation for

x(s):
x(8) = [ x(0) + %2 (0) T‘( T, 0) +4-

" 0
“"S_?Z(ﬂ)d[ﬂg r")(l-l T B "‘T)F‘“yo)daJZak("T)bk(‘)+
k

0
0 0

—a—1) (s, B)dz}dgg

-ct(d-.—f, B—o t7)a,(o)b,(s) do+ F(s).
If we designate

- ~0
a,(a)=I’(a, O)a.( “7)"‘}'”*(“)‘? \

I (i, .':)(I:S n(o+ 78— 06— 7)a, (0)do,

then we obtain

x®) = %(0) Tay(==) b0 + ES Tumdaﬂ RICEEN

[ = .

o

—a —1)a(a)b, (8)dx + F ().

It is apparent from the foregoing that x(%#) —Z(8) = Y by (%) s in
which: A, = E Yii N <+ S
7
S Py — -
Yo = b (0)a,(— ) +g bi (3) l’aS n(a+ 7, p— a—r1)a,(a)dx, (30)
iy : - (30)
L (1]
= F(0)a, (— 7) +§ F(3) ng w(a+1 B —a—1)a,(x)da.
System (30) has a solution, only if
Yut=0 (31)

15



applies to all solutions of the system

i 7= ;Yu i (32)

As (30) is equivalent to the equation for y(s), and this equation
is equivalent to equation (24), we conclude that condition (31) repre-
sents the necessary and adequate condition for the existence of periodic

solutions of period & to system (19).

On the basis of (29), equation (23) is expressed as

- - = . ~0
?(8) — Ay(8,0)3 (=) -S h,(-v,(ﬁw/ps ny+8—vy—1)s(y)dy=

= ga,‘(s)_bk(()) $(~ T) ~+ ES a, (%) b (5) d;,S ANE =

+ 5 B—y=7) 9 (y) dv.

Designating

- . - ed '] . o
7 (8) — Ky (%, 0) 3 ( 'f)'s Ky (s, {ﬂdeg MY+T B— y—7) o(y) dy=T(s)

-t g=

and using (28), we get

Fosg V - ~ 0 0
% (w) = #ak(u)b,,(ﬂ)/. (— ) +§u,(a) \,,b"(’g)das niy =T, B -
=%y *—-1‘)‘7.'('{) dy,
where —
by(B)= be(B)+ b (0) I'(— =, #HS b (o) dg 5 ar+3 5—=y=7) I(y, B)dy-
R - - R (e
Thus e .

~7.("'k)’="): i @ (8)y V0t Ey:‘?k")"‘«)

— " ) & | )d

Yo = b (0)a; (= 714\ b.(!s)das ny4+sp -y ~ualy)er.
S T R

il ?

It is then verified by direct calculation that ¥« = ¥% , Then, if

P is the solution to system (32), we get S ——
(O (=507l P+ T+ “Hote: Soms
) =F@O)[T(~=nz( D+ xl=7 note:
TJukh i by 2 ‘ of Russian
4+ ’ r(..f,i)d§\ e 5e s —3lx(6)do = copy provided
—= J-o for this page
S" insdet e g Bf—u r»[‘/m Fa O(—1)+ is not legible.]
= ‘35 ‘ W ’

 re diS‘ A b

-t 0 _ e Y d
= F)3(~7) ¢ \ rF(ﬁ)ng-vp(aﬁ-n g—= ) p(a)adx
- 16 R—



10.

It follows from the preceding calculations that the necessary

and adequate condition for the existence of periodic solutions of period

to system (19) may be written down as”

S:/(cz) Y(z, w)daF(— 1) + S“ (Su

' B 0
flx)Y(a.w-Lﬁ)lla)ll(;& nla +
o =%

+ 58 —a—-ng(x)dx =0

applicable to all solutions § of equations (23).

and we get the following sequence

But ;(S/..: +(d~r W+ T)

S:/(G)Y(a, w)dag(—= 1) 4 S” (Sw 8

- ro
fla' VY (2, @ - ﬁ)da)du\ n(x-3
0

L g

-1
rfw

4T B—a—1)F(a)dx -3

9

J(o) Y(x, w)¥(w)da +

w

¥ __‘(K:pr (a) ¥Y(a, w+f) da)da Su-,

(&8 -8+ wy(E)dE =
'*‘Su (o) Y (2, w) ¢ (w)dx +

o wtd W
+S (S £(2) ¥ (a, w+3)da)daS

=S: f(a)[ru, @) ${w) -S

Y (a, Y)d,g W&y = &) (8 dE|dx =

n(& B~ E+4 @) §(§)di=

= 1@y (xas,
(1

where y(o) is the solution of system (21), defined by the initial func=-

tion of %. Thus we get

THEOREM 2.

The necessary and adequate condition required in order

that system (19) may have a periodic solution of period «# is the ful-
fillment of the following equality

&‘NaWduMa=U

for all linearly-independent periodic solution of period & of system (21).

[(With £ = 0, system (21) and system (19) have the same number of linearly-

independent periodic solution of period ¢ ].
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